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ABSTRACT

In this paper, we study different types of symmetries for the Tanaka—
Webster connection of contact strictly pseudo-convex pseudo-Hermitian
CR manifolds.

1. Introduction

A contact manifold (M, n) is a smooth manifold M?"*! together with a global
one-form 7 such that n A (dn)™ # 0 everywhere on M. This means that dn has
maximal rank 2n on the contact distribution D = kern. Given a contact man-
ifold, we can consider two associated structures. One is an associated Rieman-
nian metric g and we obtain a contact Riemannian manifold (M;n, g). The
other is a pseudo-Hermitian and strictly pseudo-convex structure (7, L),
where L is the Levi form associated with an endomorphism JJ on D such that
J? = —I. Here, J defines an almost CR structure H = {X —iJX : X € D}. We
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obtain a contact strictly pseudo-convex, pseudo-Hermitian manifold
(or almost CR manifold) (M;n,L). There is a one-to-one correspondence
between the two associated structures by the relation

g:LJrﬂ@ﬂv

where we denote by the same letter L the natural extension (i¢L = 0) of the
Levi form to a (0,2)-tensor field on M. So, contact Riemannian structures go
hand in hand with contact strictly pseudo-convex almost CR structures. For
theoretical considerations, it is desirable to have integrability of the almost
complex structure J on D. If this is the case, we speak of an (integrable)
CR structure and of a CR manifold. When we look at a contact mani-
fold from the Riemannian point of view, i.e., we consider the contact metric
manifold (M;n, g), the presence of (metric) symmetries is an important topic.
In particular, the question comes up when a contact metric manifold is locally

symmetric, i.e., when its Riemannian curvature tensor R satisfies
VR =0.

Quite recently, the authors have proved in [13] that a locally symmetric contact
metric space is either Sasakian and of constant curvature 1 or locally isomet-
ric to the unit tangent sphere bundle of a Euclidean space with its standard
contact metric structure. (For Sasakian manifolds, the situation had been clear
already for a long time by work of Okumura [24].) This result means that
local symmetry is too strong a condition to impose in contact geometry. For
this reason, T. Takahashi ([27]) introduced Sasakian locally p-symmetric
spaces, which may be considered as the analogues of locally Hermitian symmet-
ric spaces. He calls a Sasakian manifold locally p-symmetric if the Riemannian
curvature tensor R satisfies

(%) g(VxR)(Y,Z)V,U) =0

for all vector fields X,Y, Z,V and U orthogonal to £. He proves that this con-
dition is equivalent to having ¢-geodesic symmetries which are local automor-
phisms. Later, it was proved in [8] that the isometry property of the p-geodesic
symmetry is already sufficient. For the broader class of contact Riemannian
manifolds, we have two generalizations for the notion of local p-symmetry. In
[7], a contact Riemannian manifold is called locally ¢-symmetric if it satisfies
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the same curvature condition (%) as in the Sasakian case. This is a very work-
able definition from the technical point of view, but it is still unclear what it
means geometrically when the contact manifold is not Sasakian or K-contact.
In [14], the authors give a different definition for a locally -symmetric con-
tact Riemannian manifold: they require the characteristic reflections (i.e., the
reflections with respect to the integral curves of £) to be local isometries. This
geometric definition leads to an infinite number of curvature conditions, includ-
ing (x). The first type of symmetry is therefore called local ¢p-symmetry
in the weak sense and the second type local ¢-symmetry in the strong
sense.

When we look at a contact manifold from the point of view of its (almost)
CR structure, there exists a canonical affine connection, different from the Levi
Civita connection of an associated metric, and invariant under D-homothetic
deformations. This is the Tanaka—Webster connection V on a strictly
pseudo-convex CR manifold. In earlier work [16], [17], [18], the second author
started the intriguing study of the interactions between the contact Rieman-
nian structure and the contact strictly pseudo-convex (almost) CR structure,
with the Tanaka—Webster connection playing a major role. In this context, we
now want to define and study analogues of the different types of symmetry men-
tioned above for contact metric spaces. As the pseudo-Hermitian counterpart of
local symmetry, we introduce Tanaka—Webster parallel spaces: these are
strictly pseudo-convex CR manifolds whose Tanaka—Webster torsion tensor T
and TanakaWebster curvature tensor R are parallel with respect to V:

We classify such spaces completely in Section 4. Next, in an analogous way as
locally p-symmetric contact Riemannian spaces in the strong sense, we define
strongly locally pseudo-Hermitian symmetric spaces by the following
property: all characteristic V-reflections are affine mappings, i.e., they preserve
the Tanaka—Webster connection V. We found by chance that it was already
introduced and investigated (cf. [3] or [19]) under another name, a locally sub-
symmetric space, among the studies of the sub-Riemannian geometry. But,
along our own context we determine strongly locally pseudo-Hermitian sym-
metric spaces in the last part of Section 4.
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At the final stage, we define locally pseudo-Hermitian symmetric spaces
in the weak sense to be strictly pseudo-convex CR manifolds whose Tanaka—
Webster curvature tensor R satisfies

g(VxR)(Y,2)V,U) =0

for all vector fields X, Y, Z, V and U orthogonal to £. (They correspond to local
p-symmetry in the weak sense.) In Section 5, we give examples of such mani-
folds and study the three-dimensional ones in some detail. We also show that
this class of spaces is essentially different from the weakly locally p-symmetric

contact metric manifolds.

2. Preliminaries

All manifolds in the present paper are assumed to be connected and of class C°.
We start by collecting some fundamental material about contact Riemannian
geometry and contact strictly pseudo-convex CR manifolds. We refer to [5] for
further details.

A (2n + 1)-dimensional manifold M?"*! is a contact manifold if it is
equipped with a global one-form 7 such that n A (dn)™ # 0 everywhere. Given a
contact form 7, there exists a unique vector field ¢, the characteristic vector
field, satisfying n(¢§) = 1 and dn(&, X) = 0 for any vector field X. It is well-
known that there also exists a Riemannian metric g and a (1, 1)-tensor field ¢
such that

9(PX,9Y) = g(X,Y) =n(X)n(Y), dn(X,Y)=g(X,¢Y),
(1) P*X = —X +n(X)E,

where X and Y are vector fields on M. From (2), it follows that

(2) 9 =0, nop =0, n(X)=g(X,¢).

A Riemannian manifold M equipped with structure tensors (7,g) satisfy-
ing (2) is said to be a contact Riemannian manifold or contact metric
manifold and is denoted by M = (M;n,g). Given a contact Riemannian man-
ifold M, we define a (1,1)-tensor field h by h = % L¢p, where L denotes Lie
differentiation. The operator h is symmetric and satisfies

(3) h§ =0, he= —ph,
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(4) Vx§=—pX — phX,

9(R(X,Y)E,Z) =g(Vyp)X = (Vx)Y, Z) + g((Vyph) X
- (VXSQh)Ya Z)a

for all vector fields X,Y, Z on M, where V is the Levi-Civita connection and R
the Riemannian curvature tensor.

(5)

A contact Riemannian manifold for which ¢ is a Killing vector field, is called
a K-contact manifold. It is easy to see that a contact Riemannian manifold
is K-contact if and only if h = 0. For a contact Riemannian manifold M, one
may define naturally an almost complex structure J on M x R by

T(x.78) = (oX — penx) ),
where X is a vector field tangent to M, t the coordinate of R and f a function on
M x R. If the almost complex structure J is integrable, M is said to be normal
or Sasakian. We note that every Sasakian manifold is also K-contact, but the
converse is only true in dimension 3. There are several equivalent conditions
for integrability of J in terms of the structure tensors on M. The following two
will be needed further on:

(6) (Vxp)Y =g(X,Y){ —n(Y)X,
(7) R(X,Y)§ =n(Y)X —n(X)Y,

for all vector fields X and Y on M.

Next, we recall the natural relation of contact metric manifolds with CR man-
ifolds. For a contact Riemannian manifold M, the tangent space T, M of M at
each point p € M is decomposed as the direct sum T, M = D, & {{},, where we
denote D), = {v € T,M: n(v) = 0}. Then D : p — D, defines a 2n-dimensional
distribution orthogonal to &, which is called the contact distribution or the
contact subbundle. For a given contact Riemannian manifold M = (M;n, g),
its associated almost CR-structure is given by the holomorphic subbundle

H={X-iJX:X e D}
of the complexification TM® of the tangent bundle TM, where J = ¢|D, the
restriction of ¢ to D. We see that each fiber H,, z € M, is of complex dimen-
sion n, HN'H = {0} and CD = H ® H.
We define the Levi form L by

L:DxD— F(M), LX,Y)=—dyX,JY)
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where F(M) denotes the algebra of differential functions on M. Since
dn(X,Y) = g(X,¢Y) on a contact metric manifold, the Levi form is Her-
mitian and positive definite. So, the pair (1, L) is a strictly pseudo-convex
(pseudo-Hermitian) almost CR structure on M.

The associated CR structure is integrable if [H, H] C H. This property does
not hold for a general contact metric manifold. In terms of the structure tensors,
integrability is equivalent to the condition @ = 0, where  is the (1,2)-tensor
field on M defined as

(8) QX,Y) = (Vx@)Y —g(X +hX,Y)E+n(Y)(X + hX)

for vector fields X,Y on M (see Proposition 4 in Section 3). In this case, the
pair (n, L) is called a strictly pseudo-convex (integrable) CR structure
and (M;n, L) is called a strictly pseudo-convex CR manifold. From (6)
and (8), we see that the associated CR structure of a Sasakian manifold is
strictly pseudo-convex integrable (cf. [20]). The same is true for the associated
CR structure of any three-dimensional contact metric space.

A pseudo-homothetic or D-homothetic transformation of a contact
metric manifold [29] is a change of structure tensors of the form

(9) ﬁ:anagzl/a€7¢:<pa g:ag+a(a71)n®na

where a is a positive constant. From (9), we have h = (1/a)h. By using the
well-known Koszul formula

29(VxY,Z) =Xg(Y,2Z)+Yg(Z,X) — Zg(X,Y)
—g(X.[¥, 2) ~ (Y, X, Z]) + 9(Z,[X, V)
we have
(10) VxY = VxY + C(X,Y),
where C' is the (1,2)-type tensor defined by
C(X,Y) = ~(a = DY} X + (X))~ " g(6hX, V).

Remark 1: Integrability of the associated CR structure is preserved under pseu-
do-homothetic transformations. In fact, by direct computations, we have

(Vx@)Y = (Vx@)V + (a = )n(Y)p*X — (a - 1)/ag(X, hY)E.

From this, we easily see that {2 = 0 implies 2 = 0.
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In what follows, an important role will be played by a specific class of contact
metric manifolds, namely those for which it holds

(11) R(X,Y)§ = (kI + ph)(n(Y)X —n(X)Y),

where I denotes the identity transformation and k,u € R. These spaces are
called (k, u)-spaces and were introduced in [6]. As examples, we have Sasakian
spaces (k=1 and h = 0) and also the unit tangent sphere bundles of spaces of
constant curvature ¢ (k = ¢(2 —c¢) and p = —2¢). Since the unit tangent sphere
bundle is non-Sasakian when ¢ # 1 [31], this gives us a lot of non-Sasakian
examples.

It is a surprising fact that the condition (11) completely determines the cur-
vature tensor in the non-Sasakian case. Indeed, the following theorem holds.

THEOREM 1: Let (M;n, g) be a non-Sasakian (k, p)-space. Then k < 1 and the
curvature tensor R is given explicitly by

R(X,Y)Z =(1—p/2)(g(Y, 2)X — g(X, Z)Y)
+9(Y, Z)hX — g(X, Z)hY — g(hX, Z)Y + g(hY, Z)X

+ %(Q(M/’ Z)hX —g(hX, Z)hY)

(12) — S(9(pY. 2)pX — g(pX, Z)pY)
+ B2 oy, 2)ohX — g(ohX. 2)ohY) + gl X, V)2
n(X)(( =14 (1/2))9(Y, Z) + (n = 1)g(hY, Z))¢
= n(Y)((k = 1+ (1/2))g(X. 2) + (n = )g(hX, 2))¢
= nXO(Z)((k = 1+ (u/2))Y + (= DAY)
n(Y)n(Z)((k =1+ (p/2))X + (p = 1)hX)

for all vector fields X,Y,Z on M.

Actually, the complete local geometry is determined by the condition (11),
as is shown in [10], where a full local classification of (k, u)-spaces is presented.
We finish the introduction by recalling some of the properties of (k, u)-spaces
which we will make use of further on. Firstly, as proved in [6], the class of (k, u)-
spaces is invariant under pseudo-homothetic transformations. More precisely,
a pseudo-homothetic transformation with constant a changes (k, 1) into (k, i),
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where

- k+a* -1 2a — 2
(13) k= JrT . g= HT .
Remark 2: From these formulas, we see that the values £k = 1 and p = 2 are
preserved under D-homothetic transformations. The case k = 1 corresponds to
the class of Sasakian manifolds; for the case p = 2, we will find a geometric

interpretation further on (see Propositions 10 and 11, and Theorem 12).

Secondly, the associated CR structure of a (k, u)-space is integrable, i.e.,
these spaces are contact strictly pseudo-convex CR manifolds. This gives us an
expression for Vi via (8). Moreover, also for Vh, we have an explicit formula

(6]
(14) (Vxh)Y =[(1 - k)g(X,Y) — g(X, phY)]¢
= n(Y)[(L = k)oX + phX] — (X )phY.

Note that this allows to write down explicit expression also for VR and for
higher order covariant derivatives of all structure tensors. This was instrumental
in obtaining the local classification mentioned earlier. From (14), it follows
immediately that a (k, u)-space satisfies g((Vxh)Y, Z) = 0 for all vector fields

X,Y, Z orthogonal to &, i.e., it is an n-parallel contact metric space. Quite
recently, the present authors proved that also the converse holds:

THEOREM 2 ([12]): An n-parallel contact metric space is a K-contact space or
a (k, w)-space.

Finally, (k, u)-spaces have nice geometrical properties.

THEOREM 3 ([9]): A non-Sasakian (k, u)-space is (locally) contact-homogeneous
and locally p-symmetric (in the strong sense and hence also in the weak sense).

3. The Tanaka—Webster connection

Now, we review the generalized Tanaka—Webster connection V on a con-
tact strictly pseudo-convex almost CR manifold M = (M;n,L) ([30]). It is
defined by

VxY = VxY +0(X)pY + (Vxn)(Y)E = n(Y)VxE
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for all vector fields X,Y on M. Together with (4), \Y may be rewritten as

(15) VxY =VxY + AX,Y),
where we put
(16)  A(X,Y) =n(X)eY +n(Y)(eX + ¢hX) — g(0X + phX,Y)E.

We see that the generalized Tanaka—Webster connection V has the torsion

(17) T(X,Y) =29(X,pY)E +n(Y)phX —n(X)phY.
In particular, for a K-contact Riemannian manifold we get
(18) AX,Y) =n(X)pY +n(Y)eX — g(eX, Y)E.

The generalized Tanaka—Webster connection can also be characterized differ-
ently.

PROPOSITION 4 ([30]): The generalized TanakaWebster connection V on a
contact Riemannian manifold M = (M;n,g) is the unique linear connection
satisfying the following conditions:

(i) V=0, V€ =0;

(i) Vg=0;
(iii-1) T(X,Y) = 2L(X,JY)¢, X, Y € D;
(iii-2) T(¢,0Y) = —pT(¢,Y), Y € D;

(iv) (Vxo)Y = Q(X,Y), X, Y € TM.

We note that the Tanaka—Webster connection ([28], [33]) was originally de-
fined for a nondegenerate integrable CR manifold, in which case condition (iv)
reduces to VJ = 0. The above definition is a natural generalization to the
non-integrable case (see also [2]).

PROPOSITION 5: The (generalized) Tanaka—Webster connection is pseudo-ho-
mothetically invariant.

Proof. From (8), (9) and (10) we have
VxY =VxY + A(X,Y) = VxY + C(X,Y) + A(X,Y)
and

A(X,Y) = aln(X)pY +n(¥)eX) + 0¥ JphX — g(pX, V)€ ~ =g(phX, V)6
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Together with the definition of the tensor C, we see that C(X,Y)+ A(X,Y) =
A(X,Y). Hence, it follows that the generalized Tanaka—Webster connection is
pseudo-homothetically invariant. |

COROLLARY 6: The Tanaka—Webster curvature tensor R, its torsion tensor T
and their covariant derivatives VR and VT are pseudo-homothetically invariant.

We look at R(X,Y)Z = Vx(VyZ) — Vy(VxZ) — @[ny]Z in some more
detail for the case when the CR structure is integrable, i.e., @(p = 0. First we

have quite generally

PROPOSITION 7:

R(X,Y)Z =-R(Y,X)Z, L(R(X,Y)Z,W)=—L(R(X,Y)W,Z).

The first identity follows trivially from the definition of R. Since the con-
nection is metric with respect to its associated metric g, @g = 0, the second
identity is proved in a similar way as for the case of Riemanian curvature ten-
sor. Since the Tanaka—Webster connection is not torsion-free, the Jacobi- or
Bianchi-identies do not hold, in general. Before we study the curvature tensor
R, from (3), (15) and (16) we have

(Vxh)Y =(Vxh)Y + A(X,hY) — hA(X,Y)
(19) =(Vxh)Y +2n(X)phY + g((ph + ¢h*) X, Y )¢
+0(Y)(phX + ph>X).
From the definition of R, together with (15), taking account of V) = 0, V& = 0,
Vg =0, Vo =0 and (19), straightforward computations yield

R(X,Y)Z
=R(X,Y)Z +n(Z)(pP(X,Y) + ¢(A(X,hY) — A(Y,hX))
—ph(A(X,Y) - A(Y, X)))
— g(pP(X,Y) + @(A(X,hY) = A(Y,hX)) — ph(A(X,Y) — A(Y, X)), Z)&
—29(pX,Y)A(E, Z) — n(X)A(phY, Z) + n(Y)A(phX, Z)
= n(X)AY, Z) + n(Y)pA(X, Z)
+n(AX, Z))(pY + phY) = n(A(Y, Z)) (X + phX)
+ 90X + ohX, A(Y, 2)) — g(pY + phY, A(X, Z))¢
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where we put P(X,Y) = (Vxh)Y — (Vyh)X. By using (2), (2), (3) and (16),
we have
(20) R(X,Y)Z = R(X,Y)Z + B(X,Y)Z,
where
B(X,Y)Z =i(Z)pP(X,Y) - g(¢P(X,Y), 2)¢
—AZD)Y)(X + hX) = g(X)(Y + hY)
£V )g(X +hX, Z)6 — n(X)g(Y + b, 2)¢

+ g(eY + ohY, Z)(pX + phX) — g(X + ohX, Z)(¢Y + ©hY)

—29(pX,Y)pZ
for all vector fields X,Y, Z in M.

4. Tanaka—Webster parallel spaces

As an analogue of locally symmetric contact metric spaces, we now introduce
Tanaka—Webster parallel spaces.

Definition 1: A contact metric space is a Tanaka—Webster parallel space
(T.-W. parallel space, for short) if its Tanaka—Webster torsion tensor T and its
curvature tensor R satisfy

VI=0, VR=0.

In [22], S. Kobayashi and K. Nomizu call a connection invariant by par-
allelism if for any pair of points p and ¢ in M and for any curve v from p
to ¢, there exists a (unique) local affine isomorphism f such that f(p) = ¢
and such that the differential of f at p coincides with the parallel displace-
ment 7, : T,M — T,M along ~v. By [22, Corollary 7.6], this is equivalent to
the connection having parallel torsion and curvature tensor. In other words, a
T.-W parallel space is one for which the Tanaka—Webster connection V is an
invariant connection by parallelism.

ProproSITION 8: If a contact metric space satisfies VT = 0, then it has an
integrable associated CR structure.

Proof. Since V& =0, Vg =0 and V= 0, it follows from (17) that
9(V2T)(X,Y).€) = 29(X, (Vzp)Y) = 29(X, Q(Z,Y)) = 29(X, (Vz0)Y)
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for vector fields X and Y orthogonal to £. So, if VT = 0, then it holds
g((Vzp)X,Y) = 0 for vector fields X and Y orthogonal to €. Using general
properties of the contact metric structure, this is equivalent to

(Vzo)Y =g(Z+hZ,Y)§ —n(Y)(Z + hZ)
for arbitrary vector fields Y and Z on M and hence to the integrability of the

associated CR structure. [ |

COROLLARY 9: A T.-W. parallel space is a homogeneous contact strongly
pseudo-convex CR manifold and is analytic with respect to normal coordinate
systems.

Proof. The first claim follows at once form Kiri¢enko’s generalization [21] of
the Ambrose-Singer theorem [1], [32]. In fact, the tensor A (see (16)) gives a
homogeneous structure with Vg = 0, VI' = 0, VR = 0, V& = 0, vn =0 and
@(p = 0.

The second claim is a consequence of [22, Theorem 7.7]. |

We want to find a complete classification of all T.-W. parallel spaces. First,
we look at the condition V7' = 0.

PROPOSITION 10: A contact metric space satisfies VI' = 0 if and only if it is
either Sasakian or a non-Sasakian (k, 2)-space.

Proof. In general, starting from (17), we have
(21) (ﬁZT)(Xv Y) :29(Xa Q(Z’ Y))§ + n(Y)Q(Z’ hX) - n(X)Q(Za hY)
+0(Y)p(Vzh) X = n(X)p(Vzh)Y.

Suppose now that VT =0. Then Q=0 by the previous proposition and the
expression (21) reduces to

(22) 0= (V2T)(X,Y) = n(Y)p(Vzh)X — n(X)p(Vzh)Y.
Now, taking Y = ¢ and X, Z L ¢ and taking the inner product with U L &, it
follows at once from (19) that
0=g((Vzh)X,U) = g((Vzh) X, U).
This means precisely that the contact metric space is n-parallel. So, Theorem 2

tells us that the contact metric space is either K-contact or a (non-Sasakian)
(k, p)-space.
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If it is K-contact, the integrability of the associated CR structure implies
that it is actually Sasakian. If it is a non-Sasakian (k, u)-space, then we put
Y=Z=¢and X 1 ¢ in (22) and we use (19), (14) and (3) to obtain

0=p(Veh)X = o(Veh)X — 2hX = (u — 2)hX.

Clearly, this implies that yu = 2.

Conversely, if M is Sasakian, then h = € = 0 and we easily get VT =0
from (21). For a (k, u)-space, again we have 0 = 0. Further, using (19) and (14)
and the fact that h2 = (1 — k)I for a (k, u1)-space, we obtain VA = 0. Again,
VT = 0 follows from (21). |

Next, we turn our attention to the condition VR = 0. First we prove the
following

PROPOSITION 11: Let M be a (k, p)-space. Then M satisfies VR = 0 if and
only if

- M is a locally p-symmetric Sasakian space, or

- M is a non-Sasakian (k, u)-space which is three-dimensional or for which

w=2.
Proof. First, suppose that M is Sasakian. The Tanaka—Webster curvature is
given as R(X,Y)Z = R(X,Y)Z + B(X,Y)Z (see (20)) with now
B(X,Y)Z ==n(Z)[n(Y)X = n(X)Y]+n(Y)g(X, Z2)§ —n(X)g(Y, Z)¢
+9(0Y, Z)pX — g(¢X, Z)pY —29(0 X, Y )pZ
since h = 0. As the associated CR structure of a Sasakian space is integrable,

we see at once that VB = 0. Thus, M satisfies VR =0 if and only if VR = 0.
From (15), we get

(23) (VuR)(X,Y)Z =(VuR)(X,Y)Z + A(U,R(X,Y)Z) — R(A(U,X),Y)Z
— R(X,A(U,Y))Z — R(X,Y)A(U, Z).

From (16) and (7), it follows that A(U, X) ~ ¢ and g(A(U,R(X,Y)Z),V) =0
for any vector fields U, X, Y, Z,V L £. So, (23) implies that

g(VuR)(X,Y)Z,V) =0

for any vector fields U, X, Y, Z,V 1 £, i.e., M is a locally ¢-symmetric Sasakian
space.
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Conversely, suppose M is Sasakian and locally ¢-symmetric. In order to
show that VR = 0, we only need to verify that (@UR)(X,Y)g = 0 and
(@ER)(X,Y)Z = 0 for any vector fields U, X,Y,Z on M. The first one is
immediate using (7). For the second one, we need an additional computation,
where we use the following well-known curvature identities, valid for a Sasakian
space:

R(X,Y)pZ —pR(X,Y)Z

=9(X,2)pY —g(Y, Z)pX + g(pX, Z2)Y — g(¢Y, Z) X,
R(eX,Y)Z + R(X,¢Y)Z

=9(Y, Z)pX — g(X, Z2)pY + g(¢Y, Z)X — g(pX, Z)Y

for all vector fields X,Y, Z on M. So, from (23) we compute

(@gR)(X, Y)Z =(VeR)(X,Y)Z+ A(§,R(X,Y)Z) — R(A(,, X),Y)Z
— R(X,A(§,Y))Z - R(X,Y)A(¢, Z)
=(VeR)(X,Y)Z + ¢R(X,Y)Z — R(pX,Y)Z
— R(X,9Y)Z — R(X,Y)pZ by (16)
=(VeR)(X,Y)Z
—(VxR)(Y,§)Z - (VyR)(§, X)Z
=R(pX,Y)Z 4+ g(pX,2)Y — g(Y, Z)pX
+R(X,0Y)Z — g(0Y, Z)X + g(X, Z)pY by (7)
=0.
Next, we suppose that M is a non-Sasakian (k, u)-space. Then M satisfies
VR =0 if and only if M satisfies
(VuR)(X,Y)Z =~ (VuB)(X,
—n(2)p(Vy ><X Y) + (Vo P)(X,Y), )¢
+1(Z) (V) (Vuh)X = n(X)(Vuh)Y]
—1(Y)g(Vuh) X, 2)¢ + n(X)g((Vuh)Y, Z)¢
— 9(o(Vuh)Y, Z)(pX + ohX) — g(pY + phY, Z)p(Viuh) X
+ 9(e(Vuh) X, Z)(@Y + ¢hY ) + g(¢X + phX, Z)p(Vuh)Y

(24)

Y
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where we have, because of (14),

P(X,Y)

(Vxh)Y — (Vyh) X

(1= k) (29(X, pY)E+n(X)pY = n(Y)pX) + (1—p) (n(X)phY —n(Y)phX).

A straightforward computation, using the explicit expression (12) for the cur-

vature tensor, the formula (14) and the (weak) local ¢-symmetry of (k, u)-space
(Theorem 3), yields that the equation (24) holds trivially, except for U = £ and
XY, Z 1 £ For this specific case, we have
(VeP)(X,Y) = (1 = w)[n(X)p(Veh)Y = n(Y)p(Veh)X]
and the equation (24) reduces to
(VeR)(X.Y)Z = (i = 2)[ = g(hY. Z)(0X + phX) + g(hX, Z)(pY + phY)
—g9(@Y + phY, Z)hX + g(pX + phX, Z)hY].

Next, we use the curvature expression (12) to rewrite the left-hand side and
obtain the condition

(25) (1w —2)[g(eX, Z)hY — g(oY, Z)hX + g(hX, Z)pY — g(hY, Z)pX]
= (1 =2)[g(Y, 2)hpX — g(X, Z)hoY — g(ho X, Z)Y + g(h¢Y, Z) X]
for any vector fields X,Y,Z L £ Let {e; = (e, ¢e:),€}, ¢ = 1,...,n be an
adapted local orthonormal frame such that he; = Ae;, hpe; = —Ape; with
A = 1 —k (see [6]). Then putting X = Z = ey in (25), and summing with
respect to I, we obtain
(1 —2)(n— heY =0,

which yields 4 = 2 or dim M = 3.

Conversely, it is easy to check that a non-Sasakian (k,2)-space and a three-

dimensional (k, u)-space always satisfy the condition (25). This proves the
proposition. |

Combining Propositions 10 and 11, we now have

THEOREM 12: A contact metric space M is a Tanaka—Webster parallel space
if and only if M is a Sasakian locally p-symmetric space or a non-Sasakian
(k, 2)-space.
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Now, the unit tangent sphere bundle of a Riemannian manifold is a (k, u)-
space if and only if the base manifold has constant curvature ¢ [6] and then
k=c(2—c) and p = —2c¢. Also, we know that the unit tangent sphere bundle
of a space of constant curvature is locally p-symmetric [14]. So, we have

COROLLARY 13: The unit tangent sphere bundle of a Riemannian manifold
(M, g) is a Tanaka—Webster parallel space if and only if M has constant curva-
ture +1 or —1.

Remark 3: It was proved in [4] that the base manifold is of constant curvature
¢ = —1 or ¢ = 1 if and only if the standard contact Riemannian structure
on the unit tangent sphere bundle is a critical point of the functional L(g) =
le 1 Ric(§) dV on the set of associated Riemannian metrics M(7) of a given
contact form 7, where Ric(§) denotes the Ricci curvature in the characteristic
direction &.

Here, we define strongly locally pseudo-Hermitian symmetric spaces. Namely,

Definition 2: Let (M;n, L) be a contact strictly pseudo-convex almost CR mani-
fold. Then M is said to be a strongly locally pseudo-Hermitian sym-
metric space if all characteristic V-reflections are affine mappings, i.e., they
preserve the Tanaka—Webster connection V.

Concerning the above property, it was proved in [3], [19] that M is strongly
locally pseudo-Hermitian symmetric if and only if M satisfies the following two
conditions:

VxR=VxT =0
for any vector field X L £. So, among the proof of Propositions 10 and 11, we
can find

THEOREM 14: A contact strictly pseudo-convex almost CR manifold M is
locally pseudo-Hermitian symmetric in the strong sense if and only if M is
a Sasakian locally p-symmetric space or a non-Sasakian (k, u)-space.

5. Locally pseudo-Hermitian symmetric spaces

In this section, we want to define an analogue for weakly locally p-symmetric
spaces in pseudo-Hermitian geometry, i.e., with respect to the Tanaka—Webster
connection. A first idea is to define them as contact metric spaces satisfying
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L(VxR)(Y,Z)U,V) = 0 and L((VxT)(Y,Z),V) = 0 for all vector fields
X,Y, Z, U,V orthogonal to £&. However, this second condition is always satisfied,
as follows at once from (21). On the other hand, it is not clear whether inte-
grability of the CR structure follows from the above condition on the Tanaka—
Webster curvature tensor alone. Since we would like to have integrability, we
arrive at the following definition.

Definition 3: Let (M;n,L) be a contact strictly pseudo-convex CR, manifold.
Then M is said to be a weakly locally pseudo-Hermitian symmetric space
if M satisfies

L(VxR)(Y,Z)U,V) =0
for all X,Y, Z,U,V orthogonal to &.
From Theorem 14, we immediately have the first examples.

PROPOSITION 15: A Sasakian manifold is a locally pseudo-Hermitian symmet-
ric space if and only if it is locally p-symmetric.

PROPOSITION 16: A non-Sasakian (k, u)-space is a weakly locally pseudo-Her-

mitian symmetric space.

In the rest of this section, we look for three-dimensional weakly locally pseudo-
Hermitian symmetric spaces. For that purpose, we adopt the notation of [15] for
three-dimensional contact strictly pseudo-convex CR manifolds. So, we consider
on M the maximal open set U; on which h # 0 and the maximal open subset
U, on which h is identically zero. Suppose that M is non-Sasakian. Then U
is non-empty and there is a local orthonormal frame field {£, e, pe} on U; such
that h(e) = Xe, h(pe) = —Ape for some positive function A. The covariant
derivative is then of the following form (see [15, Lemma 2.1]):

Ve =0, Vee = —ape, Vepe = ae,
Vel = —(A+ 1)pe, Vel = (1 = Ne,

L e(0) + o(pe))e,

1
2 = _
(26) Vee )

2
Vege = — o= {(0e)(N) + o(e)}e + (O + 1),

(pe)(N) +a(e)}pe,  Viepe =

Voo = 52 {e() + (o) e + (0~ g,
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Here, a is a smooth function and o = p(&, ) where p denotes the Ricci tensor.
By using (16) we also calculate the (1,2)-tensor field A:

A(é,f) =0, A(e,f) = (1 + )‘)Sﬁeﬂ A(Sﬁeag) = 7(1 - )‘)67
(27) A(€,e) = e,  Ale,e) =0, A(pe,e) = (1 = N,
A(ga 906) = —¢ A(ea 906) = 7(1 + )‘)ga A(Sﬁea 506) =0.

Using (26) and (27), we get the following expressions for V from (15):

(28) ) .

Ve€ =0, Vee=(1-a)pe, Vepe = —(1 — a)e,

Vb =0, Vee= s {(pe)N) +ole)pe,  Vope = —% (pe)() + (e},
@Wﬁ =0, @We = ——{e( + o (pe) bee, @Wgoe = ﬁ{e()\) + o(pe) te.

From this, we calculate the Tanaka—Webster curvature tensor:

R(f, e)e :@gﬁee - @S@Ee - @[57616
=(«£<A) +e(a) + (1+ A —a)B)pe,

R(, ) — (6(4) +e(a) + (1 + A = a)B)e,
(29) R » — (§(B) — ¢e(a) = (1= A= a)A) e,
R, ) :( (B) = pe(a) = (1 = X — a)A) e,
R (
)

(e, pe)e = = (e(B) + we(A) +2(1 — a))pe,
R (e, pe)pe =(e(B) + pe(A) +2(1 — a))e,

R(-7 )€ =0.

(pe(A) + a(e)), B = 35(e(A) + o(e)). From (28)

S

where we have put A =
and (29) we obtain

(VeR)(e, pe)e =V (R(e, pe)e)
— R(Vee,pe)e — R(e, Vepe)e — R(e, pe)V e
(30) =—e(e(B) + pe(A) + 2(1 — a)) e,
(31) (VoeR)(e, pe)e = — pe(e(B) + pe(A) +2(1 — a)) e.
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So, if M is weakly locally pseudo-Hermitian symmetric, then it holds
0 =e(e(B) + pe(A4) +2(1 — a)),
0 =pe(e(B) + pe(A) +2(1 — a)).
In that case, we also have, using the second condition of (2):
0 =[e, pe] (e(B) + pe(A) + 2(1 — a))
(e, pe)€ (e(B) + we(A) +2(1 - a))
= —dn(e, goe)g(e(B) + pe(A) +2(1 — a))
=2¢(e(B) + pe(A) +2(1 — a)).
Thus, we have
PROPOSITION 17: A three-dimensional contact metric space (M;n, g) is locally

pseudo-Hermitian symmetric if and only if it is locally ¢-symmetric on Us and
e(B) + ge(A) + 2(1 — a) is constant on Uj.

In particular, any three-dimensional contact-homogeneous contact metric
space is weakly locally pseudo-Hermitian, since A, B and a are constant in
that case (see [25]). Using this proposition, we now illustrate that the class
of weakly locally ¢-symmetric spaces and the class of weakly locally pseudo-
Hermitian symmetric spaces are essentially different.

Example 1: Non-unimodular Lie groups G with left invariant contact metric
structures: From [23] and [25], we know that there exists an orthonormal basis
{e1,e2 = pey,e3 = £} € g such that

[e1, e2] = aes + 2e3, [e2,e3] =0, [es,e1] = e,
where «, v are constants and o # 0. We have

her =1/2(Lep)er = (v/2)er,  hex = —(7/2), ea.

This corresponds to a = (2 —7v)/2, A = /2, A =0, B = «. From this, we
get that e(B) + pe(A) + 2(1 — a) = v, constant. Applying Proposition 17, we
see that G is locally pseudo-Hermitian symmetric for all values of @ and v. On
the other hand, it was shown in [11] that the non-unimodular Lie group G is
weakly locally ¢-symmetric if and only if ¥ = 0 (the Sasakian case) or v = —2.

Example 2: Perrone’s non-homogeneous three-dimensional weakly locally
p-symmetric example My ([26]): Let My = {(z,y,2) € R*(z,y,2) : = # 0} be
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the contact three-manifold endowed with the contact form n = xydx + dz. Its
characteristic vector field is given by & = 9/9z. Take a global frame field

200 w0 o
YT 20y P 0 ooy Yo.7 =7

and define a Riemann metric g such that {e1, es, e3} is orthonormal with respect
to it. Moreover, we define ¢ by pe; = ea, pea = —e; and ¢ = 0. Then
(n,¢,&,9) is a contact metric structure. The structure operator h satisfies
hei = e1, hea = —ey. In this case, a =2, A\ =1, A= —1/x, B =0. This yields
e(B)+e(A)+2(1 —a) = 1/2% — 2, which is not constant. Hence, the space M;
is weakly locally (p-symmetric, but is not locally pseudo-Hermitian symmetric.
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